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A characterization of permutations is given using skew-hooks, such that the 
r-descents of the permutation are reflected in the structure of the skew-hook. 
The characterization yields a combinatorial proof of Foulkes’ skew-hook rule 
for computing Eulerian numbers. 
1. INTRODUCTION 
In a recent note [5], Foulkes gives a nonrecursive rule for computing the 
Eulerian numbers, and the r-descent generalizations, via edge labelings of 
skew-hooks. He remarks that the weight associated with a skew-hook is not 
the number of permutations with the up-down sequence determined by the 
skew-hook (see [3, 41). This note gives a characterization of permutations 
using skew-hooks such that the number of permutations associated with a 
given shew-hook is the weight of that skew-hook as defined by Foulkes. As 
the correspondence associates a permutation with k r-descents with a skew- 
hook having k flats, we obtain a combinatorial proof of Foulkes’ result. 
We let S, be the set of permutations on 1,2,..., n. A permutation z in S, 
has an r-descent (1 < r < n) if n(i) > n(i + 1) + r for some i, 1 < i < II. 
We let A(n, k + 1; I) be the generalized Eulerian numbers, defined as the 
number of permutations in S, with exactly k r-descents. These numbers are 
discussed, sometimes in different but equivalent forms, in [2, 6, 71 and 
become the familiar Eulerian numbers (see [ 1 ] and its references) when r = 1. 
We fix r > 0, and for n > r, let H, be the set of skew-hooks of length n - r, 
i.e., the set of paths, consisting of rz - r horizontal or vertical unit segments, 
which always move to the right or up. We number the segments from the left 
and the bottom, and let the weight of a horizontal segment (a flat) be j + 1 
if it is preceded byj vertical segments (rises). The weight of a rise isj L r if 
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the rise is preceded byj flats. Ifs is a skew-hook in H, , let w(s, i) be the weight 
of the ith segment, and define the weight P, of s to be the product of the 
weight of each segment of s. For example, with n = 4, r = 1, Fig. 1 displays 
the skew-hooks in H4, with the weights of the edges and skew-hooks in- 
dicated. 
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FIG. 1. Skew-hooks and weights for r = 1, n = 4. 
2. THE CHARACTERIZATION 
We now construct a correspondence between a permutation in S, and a 
permutation in S, , a skew-hook s in H, and a sequence of integers a,, a2 ,..., 
anpr such that 1 < ai < w(s, i). The correspondence is defined inductively, 
imitating the combinatorial proof of the recursion formula for A(n, k + 1; r): 
A(n, k + 1; r) = (k + r) A(n - 1, k + 1; r) 
+ (n + 1 - k - r) A(n - 1, k; r). 
Starting with z- in S, , with k r-descents, we let i3 be Z- with n removed. If 
6 has k r-descents, then there are k + r places in which to reinsert n and still 
have k r-descents: preceding any c (n > c > n - r), in the middle of any of 
the k r-descents, or at the end of 3. If n is derived from 73 by inserting n in the 
jth such place (counting, say from, the left), set an-r =,j and let the (n - r)th 
segment of s be a rise. 
On the other hand, if ii has k - 1 r-descents, there are II - (k - 1 + r) 
ways to reinsert n into 3 to yield a permutation with k r-descents. (There are 
rz places in which to put iz, but, by the above paragraph, k - 1 + r of them 
do not cause the number of r-descents to increase.) If 7r is formed from 6 by 
9 inserting n into the jth such place, let a,-, = j and let the (n - r)th segment 
of s be a flat. 
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We continue this process, using 73 instead of VT, until we have defined a 
skew-hook of length n - I and integers an-r ,..., a2 , a, , and a permutation 
on 1,2,..., r remains. We let s(n) be the skew-hook obtained from 7r by this 
construction. 
As an example of the correspondence, let r = 2, n = 6, and let r = 
561342. Then i3 = 51342. Both n and 73 have two 2-descents, so the last 
segment of s(n) will be a rise. There are four places in which to insert 6 into i3 
and still have two 2-descents: before 5, between 5 and I, between 4 and 2, 
and after 2. As the second choice gives 7~, we have a4 = 2. Next, we take 
rr = 51342 and i3 = 1342, and continue, noting that ?? has only one 2-descent, 
so that the third segment of the skew-hook must be a flat, and trivially, a3 = 1, 
Completing the process in two more iterations, we obtain a, = a3 = 1, 
a2 = a4 = 2, the permutation 12 in S, and s(n) as shown in Fig. 2. 
FIG. 2. s(n) for 71 = 561342. 
3. RESULTS 
Concerning this construction, we have the following: 
THEOREM. The above map is a bijection between permutations in S, and 
the set of(n - I + 2)-tupleb (a, s, a, ,..., a,-,), where u is a permutation in S, , 
s is a skew-hook in H, , and the ai are integers, 1 < ai < w(s, i). Also, the 
number of r-descents in 7~ is the number offlats in s(rr). 
The proof follows easily from the construction by induction on n, and is 
left to the reader. 
With the theorem, we can employ the correspondence to count permuta- 
tions with respect to the number of r-descents. If J is in H, , the permutations 
7~ such that s(n) = s are equinumerous with choices of permutations in S, and 
integers a1 ,..., anPr where 1 < ai < w(s, i). Thus, we have: 
COROLLARY. Lets be in H, . Then the number of x in S, with 
S(T) =sisr!P,. 
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Finally, we note that the number of permutations with k r-descents equals 
the number of those T in S,, with S(T) having k flats. Using the previous 
corollary, we then obtain Foulkes’ result: 
COROLLARY. A(n, k + 1; r) = r! C P, , where the sum iJ over all s in H, 
with kflats. 
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